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Abstrat
We present an analytial study of the Lyapunov exponent λ for eletroni
states in a disordered tight-binding ring, with N sites of spaing c, in the
presene of a non-hermitian eld omponent h, for weak disorder. This system
has been proposed by Hatano and Nelson (HN) as a model for the depinning
of ux lines bound to olumnar defets in a superonduting ylindrial shell
in a transverse magneti eld proportional to h. We alulate the Lyapunov
exponent to seond order in the disorder in the domain of omplex energies
in an ordered ring in a non-hermitian eld. The result exhibits an important
symmetry property, λ(−h) = −λ(h), whih reets the diretionality of the
non-hermitian loalization. By ombining the results for λ with a previous
alulation of the omplex eigenvalues for weak disorder, we show that the
loalization length of the omplex eigenenergy states is generally larger than
the irumferene (Nc) of the ring. This supports the initial suggestion of
HN that these eigenstates are deloalized. Our perturbative treatment of
the disorder when applied for an open hain embedded in an innite non-
disordered hain reovers the Thouless formula for the zero-eld loalization
length.
PACS numbers: 72.15 Rn, 74.60 GE, 71.30.+h
*e-mail: J.Heinrihsulg.a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I. INTRODUCTION
It has been known sine the lassi papers of Mott and Twose[1℄ and of
Borland[2℄ that disorder loalizes eletroni states in an open linear hain. This
observation was reinfored about two deades later, by detailed analytial alu-
lations of the inverse loalization length (ILL) for weakly disordered tight-binding
open hains [3-7℄, for energies in the band of the ordered system.
Reently, renewed interest in one-dimensional loalization has arisen in two
important ontexts involving losed irular hains (rings) rather than open linear
hains. The rst one is the problem of the universal persistent urrent indued in
thin mesosopi metalli rings threaded by an Aharonov-Bohm ux, whih has been
studied both theoretially [8-10℄ and experimentally [11℄. The other one relates
to ux lines pinned to random olumnar defets in a superonduting ylindrial
shell[12℄. This system an be modelled by a non hermitian quantum hamiltonian
for an eletron in a disordered ring in the presene of a onstant imaginary vetor
potential (IVP) (proportional to the external magneti eld ating transversely to
the ux lines in the superondutor[12℄). The loalization-deloalization transition
(orresponding to a pinning-depinning transition for the ux lines) predited by
Hatano and Nelson[12℄ at a threshold vetor potential, has generated onsiderable
interest from an early stage[13, 14℄ till reently[15, 16℄. Loalization in the presene
of an imaginary vetor potential is referred to speially as direted loalization[13℄
beause, unlike in a real vetor potential, the symmetry between right and left
moving partiles is broken while time reversal symmetry is not.
The previous analyses of the loalization-deloalization transition in the non-
hermitian hamiltonian of Hatano and Nelson[12-15℄ are mainly based on the study
of the eigenvalues whih may be omplex. Indeed it has been argued that real
eigenvalues orrespond to loalized states while omplex eigenvalues orrespond to
extended states[12℄. In partiular, both the analyses of the direted-loalization
problem and those of the eet of disorder on persistent urrents [9,10℄ use the fat
that in zero eld the eletroni states in a one-dimensional disordered system are
loalized and orrespond to real eigenvalues.
The purpose of this paper is to disuss the theory of loalization and of
direted loalization by means of a rst priniples analytial study of the Lyapunov
exponent λ of the eletroni states in a weakly disordered tight-binding ring in a
non-hermitian eld. The ILL in the non-hermitian eld, whih we shall refer to
more speially as the inverse direted loalization length (IDLL), 1/ξ, is related
to λ by 1/ξ = |λ|.
The Shr²dinger equation for the hamiltonian of a disordered one-orbital
tight-binding ring of irumferene Nc (with N the number of sites and c the lattie
spaing) in an IVP redues to the set of equations
ehcϕn+1 + e
−hcϕn−1 + εnϕn = Eϕn , n = 2, 3, . . .N − 1, (1)
ehcϕ2 + e
−hcϕN + ε1ϕ1 = Eϕ1, (2)
ehcϕ1 + e
−hcϕN−1 + εNϕN = EϕN . (3)
Here ϕn is the amplitude of a wavefuntion at site n, E and the parameters εn are
the energy and the random site energies in units of minus the nearest-neighbour
1
hopping parameter, respetively. The hamiltonian in (1-3) is non hermitian beause
of the real eld parameter h, orresponding to an IVP[12℄.
In an interesting reent paper, Brouwer et al. presented an analyti study of
the omplex eigenvalues of the non-hermitian tight-binding ring for weak disorder
[14℄. This study is omplemented here by a orresponding analyti study of the IDLL
for omplex energy states for weak disorder. Our treatment is valid for suiently
strong elds suh that the disorder may be treated perturbatively. The loalization
length of omplex energy states as dened in a ring of innite irumferene
(Nc =∞) is generally nite. This is similar to the deay length ξ of the transmission
oeient introdued by Brouwer et al. in their analysis of omplex eigenvalues
whih is also found to be nite and given by ξ = (2|h|)−1[14℄. However, when
applying these results to a nite ring one must onsider the restrition on the validity
of the perturbation treatment of the disorder whih is imposed by the disreteness
of the energy spetrum of (1-3). Speially, the orretions to the zeroth order
omplex energy levels due to the disorder must be small ompared to the level
spaing of the ring. Using a previous alulation [17℄ of the eigenvalues of (1-3) for
weak disorder, this ondition allows us to show that the loalization lengths of the
omplex eigenenergy states are generally larger than the irumferene of the ring
at the onsidered eld strengths. These results expliitly support the suggestion of
HN [12℄ that the omplex energy states in a nite ring are deloalized.
The paper is organized as follows. In Set.II we present the detailed solutions
for the amplitudes ϕn in (1-3) for weak disorder, at arbitrary energy E both in the
domain of the omplex spetrum of the ordered system, and in a range of real
energies. From these solutions we obtain the expliit expressions for the Lyapunov
exponent for the eigenstates of the ring, for h 6= 0, to seond order in the random site
energies. In Set.III we rst apply a similar perturbation analysis for weak disorder
to rederive the Thouless formula for the zero eld ILL for the ase of an open hain.
This further supports the validity of our alulation for the ase of a ring. Next we
disuss the properties of our general expression for the IDLL and its appliation to
omplex eigenenergy states in nite rings. In Set. IV we onlude with some nal
remarks.
II. THE NON-HERMITIAN LYAPUNOV
EXPONENT FOR WEAK DISORDER
In solving (1-3) reursively, initiating the reursion at site n = 1 with an
arbitrary ϕ1, it is onvenient to dene the amplitude ratios Rn = ϕn/ϕn−1 , n =
2, 3, . . .N, and Q1 = ϕ1/ϕN obeying the equations
ehcRn+1 + e
−hcR−1n = E − εn , , n = 2, 3, . . .N − 1, (4)
ehcR2 + e
−hcQ−11 = E − ε1, (5)
ehcQ1 + e
−hcR−1N = E − εN , (6)
whih determine the quantities Rn , n = 2, 3, . . .N , and Q1 as funtion of an
arbitrary energy E, if one disregards the seular equation giving the eigenvalues,
whih may be written in the form
2
ehcR2(E) + e
−hc
N∏
m=2
Rm(E) = E − ε1, (7)
using (2) and the general denition
ϕn =
n∏
m=2
Rm.ϕ1 , n = 2, 3, . . .N . (8)
The seular equation (7) will be automatially veried by the quantities Rn(E)
above whenever E oinides with one of the eigenvalues E = Eα.
The reason for studying the exponential variation of the quantities Rm and
of the orresponding amplitudes ϕn as a funtion of a generi energy E, at sites
n further and further away from the initial site, is that it permits to obtain the
Lyapunov exponent of the eletroni eigenstates of the ring on the basis of the Mott-
Twose-Borland onjeture[1, 2, 18℄. Indeed, Mott, Twose and Borland argue that
when E is lose to an eigenvalue the exponential rate of variation of the amplitudes
ϕn at far away sites n tends to the (largest) exponential rate of loalization of the
orresponding eigenstate of the ring about a xed loalization entre. The Lyapunov
exponent whih haraterizes the exponential growth (or deay) of ϕn at distant sites
(nc→∞), at real or omplex energies E, is given by[19℄
λ = lim
(n≤N)→∞
1
nc
ln |ϕn|,
= lim
n→∞
1
nc
n∑
p=2
ln |Rp| . (9)
and sine λ self-averages to a entral limit value[20℄ we further have
λ = lim
n→∞
1
nc
n∑
p=2
〈ln |Rp|〉 . (10)
The Lyapunov exponent may generally take positive- as well as negative values.
Sine all sites of a ring are equivalent by denition, there is no fundamental dis-
tintion between states orresponding to dierent signs of the Lyapunov exponents.
In ontrast, for an open hain, a positive Lyapunov exponent is assoiated with
states whih are growing as one is moving away from an edge site n = 1 while a
negative Lyapunov exponent orresponds to a state whih deays with inreasing
distane from the edge. The former state is generally referred to as a loalized state
while the latter might be termed an antiloalized state[21℄ to emphasize the fat its
amplitude is smallest deep in the interior of the hain.
Assuming the disorder to be weak, we now analyze the perturbative solutions
of (4-6) to seond order in the site energies εi. Sine we are interested in the study of
the loalization length, we only onsider solutions as a funtion of a generi omplex
energy E, thus ignoring the onsisteny-or eigenvalue equation (7). In the absene
of disorder the solutions of the non-hermitian system (4-6) are of the form
3
R0n = Q
0
1 = e
i q , n = 2, 3 . . .N, (11)
and orrespond to a generi omplex energy
E = 2 cos(q − ihc) (12)
expressed in terms of an arbitrary real wavenumber q in units of the lattie para-
meter. The equation (12) denes energies lying on an ellipse,
(ReE)2
cosh2 hc
+
(ImE)2
sinh2 hc
= 4, (13)
whose semi-axes 2 cosh hc and 2 sinh |h|c give the half-width of the energy band
of edges ±2 cosh hc on the real axis and of the orresponding band with edges
± sinh |h|c on the imaginary energy axis, respetively. The meaning of the ener-
gies (12) is that they orrespond to the domain of extended Bloh state eigenvalues
in the absene of disorder, whih are given by the speial values for q = 2pik/N ,
k = 0, 1, 2, . . . as a onsequene of single-valuedness of the wave funtions on the
ring, expressed by (7). On the other hand, the meaning of ImE has been disussed
by Hatano and Nelson in the ontext of depinned ux lines[12℄. In fat, Hatano
and Nelson argue onviningly that omplex energies are a neessary feature of the
deloalized states whih may appear in the depinning transition.
The orretions in Rn and Q1 at rst and the seond orders in the energies
εi, i = 1, 2, . . .N , are determined by inserting the expansions
Rn = e
i q + R
(1)
n + R
(2)
n , n = 2, 3, . . .N , Q1 = e
i q + Q
(1)
1 + Q
(2)
1 , involving lin-
ear and quadrati terms, in the equations (4-6) and identifying terms of the same
order in the order by order expansions of them. This leads to the following sets of
equations at rst and seond orders, respetively:
R
(1)
n+1 − a˜ R(1)n = −e−hcεn , n = 2, 3, . . .N − 1, (14.a)
R
(1)
2 − a˜2 R(1)N = −e−hc(a˜ εN + ε1), (14.b)
R
(2)
n+1 − a˜ R(2)n = −a˜ e−iqR(1)2n , n = 2, 3, . . .N − 1, (15.a)
R
(2)
2 − a˜2 R(2)N = −a˜2(1 + a˜) e−iqR(1)2N + a˜
√
a˜ εN(2a˜ R
(1)
N − e−hcεN). (15.b)
Note that the quantities Q
(1)
1 and Q
(2)
1 have been eliminated sine they do not enter
in the determination of the wavefuntion amplitudes (8). In the above equations we
have dened
a˜ = exp(−2iq˜) , q˜ = q − ihc, (16)
where q˜ in a wavenumber with an imaginary part arising from the non-hermitian
eld.
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By solving suessively the oupled rst and seond order dierene equations
(14.a,b) and (15.a,b) for the quantities R
(1)
n and R
(2)
n we get:
R(1)n = a˜
n−2R
(1)
2 − e−hc
n−1∑
m=2
a˜n−m−1 εm , n = 3, 4, . . .N, (17.a)
R
(1)
2 =
e−hc
a˜N − 1
(
ε1 + a˜εN + a˜
N−1∑
m=2
a˜N−mεm
)
, (17.b)
R(2)n = a˜
n−2R
(2)
2 − ehc
√
a˜
n−1∑
m=2
a˜n−m
(
R(1)m
)2
, n = 3, 4, . . .N, (18.a)
R
(2)
2 =
ehc
√
a˜
a˜N − 1
[
1
a˜
(
e−hcε1 +R
(1)
2
)2
+
N∑
m=2
a˜N−m+2
(
R(1)m
)2]
. (18.b)
It should be noted that the expression for R
(1)
2 and R
(2)
2 , equations (17.b) and
(18.b), are invalid at zero eld, where they diverge at the energies E = 2 cos q,
q = 2pi.k
N
, k = 0, 1, 2, . . . orresponding to the eigenvalues of the ordered ring for
h = 0. In fat, as is well known, perturbation theory for eigenstate energies in a
weakly disordered ring also diverges for h = 0[17℄. This strongly suggests that the
Lyapunov exponents of the zero eld eigenstates in the ring may not be disussed
by perturbation theory.
The next step is then to expand ln(Re Rp) in (10) up to seond order
terms[22℄,
ln |Rp| = 1
2
(e−iqR(1)p + c.c.)
+
1
2
[
e−iq
(
R(2)p −
e−iq
2
R(1)2p
)
+ c.c.
]
, p = 2, 3, . . .N, (19)
and to obtain the averages of the quantities on the r.h.s. using the expliit ex-
pressions (17.a), (17.b) and (18.a), (18.b). Here we assume the εiÕs to be identi-
ally distributed, independent gaussian variables with mean zero and a orrelation
〈εiεj〉 = ε20 δi,j , where the hoie ε20 = W 2/12 would orrespond to using the familiar
retangular distribution of width W . The determination of the non-zero averages
proeeds by rst nding the averages 〈R(1)22 〉 and 〈R(1)2p 〉 , p 6= 2, from (17.a) and
(17.b), whih are then inserted in (18.a) and (18.b) for obtaining the averages 〈R(2)2 〉
and 〈R(2)p 〉 , p 6= 2. The sums over lattie sites in these various averages are geomet-
ri progressions whih are easily handled. The nal form of the averages of interest
are remarkably simple sine we obtain
〈R(1)2p 〉 = 〈R(1)22 〉 = 〈R(1)2N 〉 =
ε20 e
−2hc
(1− a˜2)
(
1 + a˜N
1− a˜N
)
, (20.a)
〈R(2)p 〉 = 〈R(2)2 〉 = 〈R(2)N 〉 =
ε20 e
−hca˜
√
a˜
(1− a˜)(1− a˜2)
(
1 + a˜N
1− a˜N
)
, p = 3, 4, . . .N − 1.
(20.b)
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This reets the independene of these quantities of the initial site(s) for the reursive
solution of the tight-binding equations, as expeted. By substituting these results
in (19) and (10) we obtain our nal expression for Lyapunov exponent (N →∞) to
seond order in the disorder,
λ = −ε
2
0
4
a˜
(1− a˜)2
(
1 + a˜N
1− a˜N
)
+ c.c., (21)
where we have used the denition (16). The equation (21) is valid for omplex
energies orresponding to the energy band (13) of the pure ring in a non-hermitian
eld h 6= 0.
The above analysis may be extended in priniple to the desription of the
IDLL for real eigenvalue states. It sues to hoose the parameter q in (11) to be
omplex with the forms
q = iκ , (22.a)
q = pi + iκ , (22.b)
where κ is real. Indeed the values (22.a,b) dene generi real energies
E = ±2 cosh (κ− hc) , (23)
whih together with (11) and (22.a,b) are solutions of (4-6) for the pure system.
Eigenvalues of the non-disordered ring obtained by inserting (11), (22.a,b) and (23)
in (7) orrespond to κ = 0 i.e. to the real band edges ±2 cosh hc. On the other
hand, the perturbation of eigenstate energies for weak disorder does not lead to real
eigenvalues apart from the edges (±2 cosh hc) of the Re E-domain of the omplex
eigenvalues [14,17℄. Therefore the perturbation study of the IDLL for real energies
is of no interest.
III. DISCUSSION OF RESULTS
A. Validity of perturbation theory
In this subsetion we demonstrate the validity of the perturbation expan-
sion of Set.II by showing that when applied to the ase of an open disordered hain
it reovers the well-known Thouless formula for the inverse loalization length in
the absene of an IVP. Here an open disordered hain is dened as a segment of
length Nc whih is onneted at both ends to semi-innite non-disordered disrete
hains. The presene of semi-innite non-disordered hains is indeed required for
the existene of a transmission oeient T related to the inverse loalization length
by T ≈ e−λNc for N → ∞[23℄. This implies that for an open hain the solution of
equation (4) in the absene of disorder is still given by (for h = 0)
R(0)n = e
iq , E = 2 cos q , n = 1, 2, . . .N. (24)
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In order to study the Lyapunov exponent for a large open hain for weak disorder
it is then suient to solve the perturbation equations (14.a) and (15.a) alone in
terms of arbitrary nite ϕ1 and R
(1)
2 , R
(2)
2 in the expansion
R2 = e
iq +R
(1)
2 +R
(2)
2 + . . . . (25)
The relevant averages in (10), using (19) are obtained from (17.a) and (18.a) for
h = 0 and are given by (with a = e−2iq)
〈R(1)2p 〉 = a2(p−2)R(1)22 + ε20 e−2h
(
1− a2(p−2)
1− a2
)
, (26)
〈R(2)p 〉 = a2(p−2)(R(2)2 − ehc
√
aR
(1)2
2 )
+ ε20 e
−hc
√
a ap−1
(1− a2)(1− a) [1 + a
−1 − ap−3 − a−p+2]. (27)
By inserting these results in (19) and noting that only terms independent of p
ontribute to the Lyapunov (10) we nally obtain, using (24),
λ =
1
ξ
=
ε20
2
1
4−E2 , (28)
whih is the well-known Thouless formula[3, 7℄, for the ILL showing that all eigen-
states with eigenvalues lying in the band (24) are exponentially loalized (with the
usual proviso that the Mott-Twose-Borland argument about the onnetion between
eigenstates and exponentially growing solutions from both ends of a long open hain,
at an energy E, is valid).
B. Direted loalization on a ring
In the presene of an IVP, the rates of hopping from a given site to its nearest
neighbour to the left- and to the right hand sides on the ring are dierent. This
asymmetry of the hopping rates is reeted in the antisymmetry of the Lyapunov
exponent of the eigenstates under reversal of the non-hermitian eld h,
λ(−h) = −λ(h), (29)
whih is demonstrated expliitly by the equation (21), to lowest non-vanishing order
in the gaussian disorder. To our knowledge this important antisymmetry property
has not been disussed before. The physial interpretation of (29) is simple. We
might expet the Lyapunov exponent in (21) to desribe a symmetri exponentially
loalized state: this means that sine λ(h) determines the exponential growth (if
λ(h) > 0) of an initial amplitude ϕ1 with inreasing n = 1, 2, 3, . . . then the or-
responding exponent desribing the growth of the loalized state with dereasing
n = N, N − 1, N − 2, . . . should be −λ(h). The fat that the Lyapunov exponent
dening the exponential evolution of the initial wavefuntion with dereasing
7
n = N, N − 1, N − 2, . . . is indeed −λ(h) is expliitly veried in Appendix A. On
the other hand, the Shr²dinger equation (1-3) shows that the rates of hopping from
a given site to its left- and right neighbours, respetively, are interhanged when h
is replaed by −h. This implies that the rates of exponential evolution of the initial
wavefuntion are also interhanged when h is replaed by −h i.e. the antisymmetry
property (29) holds. Finally, we reall that aording to the Mott-Borland [1,2,18℄
mathing ondition the symmetrially growing (or deaying) initial wavefuntion in
the two diretions on the ring, respetively, lead to proper loalized eigenstates at
energies orresponding to omplex eigenvalues of (1-3).
The further detailed properties of the IDLL dened for an innitely large ring
(Nc→∞) are as follows. For N |h|c >> 1 (21) redues to the entral limit result
λ = λ∞ sign h, (30)
where λ∞, whih is independent of the sign of h, is given by
λ∞ = −ε
2
0
4
a˜
(1− a˜)2 + c.c.
=
ε20
4
(
1
4−E2 + c.c.
)
, (31)
and denes the IDLL 1/ξ = |λ| = |λ∞| at omplex energies E of the form (12).
In the following disussion we regard the Lyapunov exponent λ and the IDLL
as funtions of ReE alone, whih are obtained by eliminating ImE in favour of ReE
using (13). The main properties of the Lyapunov exponent (30-31) are:
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i. For h > 0, λ is positive in the interval
−Ed < ReE < Ed, (32)
where
Ed =
2 cosh hc√
1 + tanh2 hc
. (33)
It possesses a maximum of magnitude
λ =
ε20
8
1
1 + sinh2 hc
(34)
at the band entre, ReE = 0, and vanishes at the values ReE = ±Ed. The equa-
tion (34) shows that the IDLL dereases with inreasing |h|c within the domain
N |h|c ≫ 1. Finally λ is negative in the domains extending from Ed to the upper
band edge, 2 cosh hc, and from −Ed to the lower band edge, −2 cosh hc, respetively;
at the band edges its value is
λ = − ε
2
0
8 sinh2 hc
(35)
ii. For h < 0, λ is negative in the interval (32), with a minimum of magnitude (34),
and vanishes at ReE = ±Ed. λ is positive in the omplementary intervalls of (32)
ontained in the real energy band −2 cosh hc ≤ ReE ≤ 2 cosh hc and takes minus
the value (35) at the band edges.
It follows from the above analytial results that the eigenstates of an innite
ring in the omplex energy domain (13) are loalized, exept possible eigenstates
with eigenvalues ReE = ±Ed, whose loalization lengths would be diverging. On
the other hand, in the limit of very strong elds (|h|c >> 1) where the eet
of the disorder beomes negligible, the IDLL (31) vanishes asymptotially, at the
onsidered omplex energies, as
λ ∼ −ε
2
0
2
cos 2q sign h e−2hc sign h , (36)
so that the wavefuntion amplitudes, ϕn ≡ |ϕn| eiθn = eiqn are deloalized in this
limit [12℄.
Appliation to nite rings
We now turn to the appliation of the above results in the ase of a nite ring
of irumferene Nc. Here only states whose loalization lengths are shorter than
Nc are said to be loalized while eigenstates with loalization lengths (nite or not)
larger than Nc are referred to as deloalized. The other important aspet is that
the disreteness of the energy spetrum of a nite ring imposes a spei restrition
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on the validity of the perturbative study of a weak disorder. This restrition exists
over and above the general strong eld requirement whih is neessary in order that
the disorder may be treated as a small perturbation in both the real and imaginary
parts of the energy. We use the results of our reent alulation of the eigenvalues of
(1-3) [17℄ to expliitate the supplementary ondition whih must be obeyed by the
perturbation parameter of the disorder in a nite ring. This ondition will allow us
to derive an upper bound for the IDLL of the form (31).
The disrete zeroth order eigenenergies of the ring are given by
E0(qk) = 2 cosh hc cos qk + 2i sinh hc sin qk , qk =
2pik
N
, k = 0,±1, . . . . (37)
For weak random site energies with zero mean value and a gaussian orrelation,
〈εiεj〉 = ε20 δi,j, the averaged seond order orretion to the energy levels (37) is
given by [17℄
〈E(2)(qk)〉 ≃ −ε
2
0
4
cotN(qk − ihc)
sin(qk − ihc) . (38)
The standard heuristi analysis of onvergene of non-degenerate Shr²dinger per-
turbation theory [24℄ now shows that 〈E(2)(qk)〉 must be small ompared with the
separation ∆E0(qk) = E0(qk+1) − E0(qk) of the unperturbed energy levels (37) for
onvergene to be ensured. By separating the real and imaginary parts in (37-38)
the onvergene onditions of the perturbation theory read
|Re〈E(2)(qk)〉| << |∆ReE0(qk)| , (39.a)
|Im〈E(2)(qk)〉| << |∆ImE0(qk)| , (39.b)
where
∆E0(qk) ≃ 4pi
Nc
(− cosh hc sin qk + i sinh hc cos qk) , (40)
〈E(2)(qk)〉 = ε
2
0
4
sign h
(− cos qk sinh hc+ i sin qk cosh hc)
sin2 qk + sinh
2 hc
, (41)
for N |h|c >> 1.
It follows from (40-41) that the inequalities (39.a,b) are not both fullled for
qk = 0, pi and for qk = pi/2 i.e. at the band edges along the real and omplex energy
axes, respetively. For illustration of the ondition (39.a,b) at typial intermediate
qk-values we hoose qk = pi/4. For this value the Lyapunov exponent given by (31)
and (12) takes the form
λ∞ =
ε20
4 cosh2(2hc)
, qk =
pi
4
. (42)
Using (41-42), the inequality (39.a) may be rewritten in terms of the loalization
length ξ = |λ∞|−1 in the form
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ξ >>
Nc
2pi
| tanhhc| cosh2(2hc)
1 + 2 sinh2 hc
, qk =
pi
4
, (43)
while (39.b) takes the same form with | tanhhc| replaed by | cothhc|, thus imply-
ing a larger lower bound for ξ than (43). As mentioned earlier the perturbative
treatment of the disorder is generally valid for suiently large elds only. In this
ontext, (43) shows that the lower bound of ξ, whih inreases with inreasing h, is
already larger than the ring irumferene for elds of relatively moderate strength,
of the order of hc = 1.3. This leads to the important onlusion that the omplex
eigenenergy states in a nite ring are deloalized (and orrespond to depinning of the
assoiated ux line system [12℄) in the domain of eld strengths where a perturbative
treatment of the disorder is valid. These results provide a detailed analytial onr-
mation of the suggestion of Hatano and Nelson that the omplex energy eigenstates
are deloalized.
IV. CONCLUDING REMARKS
We have alulated analytially the Lyapunov exponent, λ(h), for the eigen-
states of a random irular hain in a strong non-hermitian eld h, for omplex
energies, to order ε20 in the disorder.
In a nite ring the disrete nature of the energy spetrum entails a spei
restrition on the validity of the perturbative treatment of the disorder whih implies
the existene of a lower bound for the loalization length ξ = |λ(h)|−1 in (31). This
shows that the loalization lengths at intermediate energies within the omplex
energy band are larger than the irumferene of the ring at the strong elds of
interest in the perturbation theory. It follows that the omplex energy eigenstates
in a nite ring are deloalized, in agreement with the suggestion of Hatano and
Nelson [12℄.
The analyti argument of HN for showing the existene of a transition from
loalized to deloalized states in an IVP is based on an imaginary gauge transfor-
mation, ϕ(x) = exp(gx/h¯)ψ(x) (with g/h¯ ≡ h), whih eliminates the IVP, −ig,
from the Shr²dinger equation for their ontinuous random hamiltonian for a ring
of length Lx. In their analysis HN impliitly replae the twisted boundary ondi-
tion (whih is well-known in the ontext of real vetor potentials [25,26℄) for the
transformed wavefuntion, namely
ψ(x+ Lx) = e
− gLx
h¯ ψ(x) , (44)
by the periodi boundary ontion, ψ(x+Lx) = ψ(x), appropriate for a ring in the
absene of g. In general this approximation is valid only for a very weak IVP suh
that
|g|
h¯
<< 1/Lx. HN have obtained loalized right and left eigenstates, for weak
IVP, from the loalized states (with loalization lengths ξn < Nc) of the ring for
g = 0. These states are insensitive to the atual boundary ondition (44) if e.g. the
loalization length in the ase of the right eigenstates, (1/ξn−|g|/h¯)−1 [12℄, is small
ompared to Nc. In this ase therefore the validity of the replaement of (44) by
a periodi boundary ondition extends to a range of somewhat larger values of g,
namely |g|/h¯ << 1/ξn > 1/Lx. It remains, however, that the analyti disussion of
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HN is restrited to a domain of weak elds for the real eigenvalue loalized states.
In ontrast the study of energy eigenstates in Set. II and III applies in a domain of
large elds, |h| ≥ 1/c, where the detailed nature of deloalized omplex eigenenergy
states of a nite ring has not been studied analytially before.
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Appendix
Here we alulate the Lyapunov exponent desribing the evolution of the
wavefuntion amplitude at the suessive neighbours N, N−1, N−2, . . . , N−
n, . . . of the site 1 along the diretion opposite to that onsidered in Set. II. From
suessive reursions of (14.a) we obtain
R
(1)
N−n = a˜
−nR
(1)
N + e
−hc
n∑
m=1
a˜m−n−1εN−m , n = 1, 2, . . . , N − 2 , (A.1)
and from (14.b) and (A.1) taken at n = N − 1,
R
(1)
N =
e−hc
1− a˜−N
[
a˜−2(a˜εN + ε1) +
N−2∑
m=1
a˜m−N−1εN−m
]
. (A.2)
Similarly, from (15.a) we nd
R
(2)
N−n = a˜
−nR
(2)
N + e
−iq
n∑
m=1
a˜m−nR
(1)2
N−m , n = 1, 2, . . . , N − 2 , (A.3)
and from (15.b) with R
(2)
2 given by the n = N − 2 equation of (A.3),
R
(2)
N =
e−iq
1− a˜−N
[
(1 + a˜)R
(1)2
N − eiq(
√
a˜)−1εN(2a˜R
(1)
N − e−hcεN)
+
N−2∑
m=1
a˜m−NR
(1)2
N−m
]
(A.4)
The Lyapunov exponent is dened by (with ϕN−n =
n−1∏
m=0
R−1N−mQ
−1
1 ϕ1)
λ = lim
(n<N)→∞
1
nc
ln |ϕN−n|
= − lim
(n≤N)→∞
1
nc
(
n−1∑
p=0
〈ln |RN−p|〉+ 〈ln |Q1|〉
)
, (A.5)
where ln |RN−p| is expanded, as in (19), to seond order in the site energies and
the term proportional to ln〈|Q1|〉 vanishes for n → ∞. The disorder averages
〈R(1)2N−p〉, 〈R(1)2N 〉, 〈R(2)N−p〉 and 〈R(2)N 〉 involved in the expansion of 〈ln |RN−p|〉 are
omputed from the exat solutions (A.1-A.4) and are found to oinide with the
site-independent values (20.a,b), as expeted. From these results we then obtain
λ = −ε
2
0
4
a˜
(1− a˜)2
(
1 + a˜−N
1− a˜−N
)
+ .. , (A.6)
whih oinides with minus the Lyapunov exponent (21) along the opposite diretion
on the ring, as expeted.
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